Abstract. We consider surjective endomorphisms f of degree > 1 on the projective n-space P n with n = 3, and f −1 -stable hypersurfaces V . We show that V is a hyperplane (i.e., deg(V ) = 1) but with four possible exceptions; it is conjectured that deg(V ) = 1 for any n ≥ 2; cf. [7] , [3] .
Introduction
We work over the field C of complex numbers. In this paper, we study properties of f −1 -stable prime divisors of X for endomorphisms f : P 3 → P 3 . Below is our main result. For V 1 , we do not know whether f −1 (or its power) stabilizes the three lines.
1.4.
A motivating conjecture. Here are some motivations for our paper. It is conjectured that every hypersurface V ⊂ P n stabilized by the inverse f −1 of an endomorphism
This conjecture is still open when n ≥ 3 and V is singular, since the proof of [3] is incomplete as we were informed by an author. The smooth hypersurface case was settled in the affirmative in any dimension by CerveauLins Neto [4] and independently by Beauville [2] . See also [15, Theorem 1.5 in arXiv version], [18] and [19] for related results.
By Theorem 1.1, this conjecture is true when n = 3 but with four exceptional cubic surfaces V i which we could not rule out.
From the dynamics point of view, as seen in Dinh-Sibony [5, Theorem 1.3, Corollary 1.4], f : P n → P n behaves nicely exactly outside those f −1 -stabilized subvarieties. We refer to Fornaess-Sibony [7] , and [5] for further references.
A smooth hypersurface X in P n+1 with deg(X) ≥ 3 and n ≥ 2, has no endomorphism f X : X → X of degree > 1 (cf. [4] , [2, Theorem] ). However, singular X may have plenty of endomorphisms f X of arbitrary degrees as shown in Example 1.5 below. Conjecture 1.4 asserts that such f X can not be extended to an endomorphism of P n+1 .
Example 1.5. We now construct many polarized endomorphisms for some degree n + 1 hypersurface X ⊂ P n+1 , with X isomorphic to the V 1 in Theorem 1.1 when n = 2. Let
. . , X n ) homogeneous, be any endomorphism of degree q n > 1, such that f −1 (S) = S for a reduced degree n + 1 hypersurface S = {S(X 0 , . . . , X n ) = 0}.
So S must be normal crossing and linear: S = n i=0 S i (cf. [15, Theorem 1.5 in arXiv version]). Thus we may assume that f = (X q 0 , . . . , X q n ) and S i = {X i = 0}. The relation S ∼ (n + 1)H with H ⊂ P n a hyperplane, defines
which is a Galois Z/(n + 1)-cover branched over S so that π * S i = (n + 1)T i with the
This X is identifiable with the degree n + 1 hypersurface
and has singularity of type z n+1 = xy over the intersection points of S locally defined as xy = 0. Thus, when n = 2, we have Sing X = 3A 2 and X is isomorphic to the V 1 in Theorem 1.1 (cf. Remark 1.3). We may assume that
after replacing S(X 0 , . . . , X n ) by a scalar multiple, so f lifts to an endomorphism
of P n+1 (with homogeneous coordinates [Z, X 0 , . . . , X n ]), stabilizing X, so that
the union of q distinct hypersurfaces
(all isomorphic to X), where ζ := exp(2π √ −1/q).
This X has only Kawamata log terminal singularities and Pic X = (Pic P n+1 ) | X (n ≥ 2) is of rank one, using Lefschetz type theorem [12, Example 3.1.25] when n ≥ 3. We
is a union of n+1 normal crossing hyperplanes; indeed, τ restricted over X \ Sing X, is its universal cover (cf. [13, Lemma 6] ), so that g X lifts up to X. A similar result seems to be true for n ≥ 3, by considering the 'composite' of the Z/(n + 1)-covers
given by (n + 1)(
2. we may assume that V ⊂ P 3 is an irreducible rational singular cubic hypersurface.
We first consider the case where V is non-normal. Such V is classified in [6, Theo- We consider and will rule out the case where V is a cone over B. Since V is normal V (P ) = P . Indeed, the normalization V ′ of V is a cone over a smooth rational (twisted) cubic curve (in P 3 ), i.e., the contraction of the (−3)-curve on the Hirzebruch surface F 3 of degree 3;
in arXiv version]) and consists of two distinct generating lines
via the projection P 3 ···→ P 2 from the point P , to an endomorphism h : 2.2. Next we consider the case where V ⊂ P 3 is a normal rational singular cubic hypersurface. By the adjunction formula,
which is ample, where H ⊂ P 3 is a hyperplane. Since K V is a Cartier divisor, V has only Du Val (or rational double, or ADE) singularities. Let
be the minimal resolution. Then
For f : P 3 → P 3 , we can apply the result below to f V := f |V .
Lemma 2.3. Let V ⊂ P 3 be a normal cubic surface, and f V : V → V an endomorphism such that f * V (H|V ) ∼ qH|V for some q > 1 and the hyperplane H ⊂ P 3 . Let
be the set of negative curves on V , and set
Replacing f V by its positive power, we have:
(5) We have
for some effective divisor ∆ containing no line in S(V ), so that the ramification divisor
In particular, the cardinality #S(V ) ≤ 3, and the equality holds exactly when K V + E V ∼ Q 0; in this case, f V isétale outside the three lines of S(V ) and
Proof. For (1) and (2) (3) We may assume that E ′ ≃ P 1 , where
is true because E is a line if and only if
and by the genus formula −2 = 2g(
is a (−1)-curve by the genus formula. Thus (4) follows from (3).
(5) The first part is true because, by (2), the ramification divisor R f V = (q − 1)E V + (other effective divisors). Also, by (1) and (2),
for every E ∈ S(V ) (by (4)), we have
Now the second part of (5) follows from this and the fact that ∆ = 0 if and only if −K V .∆ = 0 since −K V is ample. The last part of (5) follows from the purity of branch loci and the description of R f V in (5).
2.4. We now prove Theorem 1.1 and Remark 1.3 for the normal cubic surface V . We use the notation in Lemma 2.3. Suppose that the Picard number
Since K V is not nef and by the minimal model program for klt surfaces, there is a
of birational extremal contractions such that
contained in the smooth locus V i \ Sing(V i ) and is a (−1)-curve, or E i contains exactly one singular point
be the minimal resolution. Since −K V i is the pushforward of the ample divisor −K V , it is ample. So V i is still a Gorenstein del Pezzo surface. Noting that
Note that the proper transform
stabilizes every negative curve in S(V ) and especially E i (V ) (when f is replaced by its positive power, as seen in Lemma 2.3), f V descends to
The V 
if Sing V 2 consist of two points of type A 2 and one point of type A 1 .
Except the four cases
2 ) map to intersecting negative curves 
of F i is a negative curve so that
, and
and hence
where the latter is impossible by a simple calculation as in the early paragraph. Thus
By making use of Lemma 2.3 (1) or (2), f * 2 F i = qF i , and f 2 descends to an endomorphism
of degree q. Thus the ramification divisor of f B 1 is of degree 2(q − 1) by the Hurwitz formula, and is hence equal to
where P ∈ B 1 so that F 1 lies over P . But then
where F ′ i are fibres of ϕ 1 lying over P i , so that
Consider the case ρ(V ) = 2. Then the minimal resolution
and its negative curves are described in one of the first five cases in [17, Figure 6 ].
For the case V = V (A 5 ), two (−1)-curves on V ′ map to two negative curves
There is a contraction
of M 1 so that the image of M 2 is a plane conic preserved by f −1 P where 
Here the double cover (given by the relation
Indeed, when 2 | q, the normalization U of the fibre product of π : U → V and f V : V → V is isomorphic to U and we take g to be the first projectionÛ → U; when 2 | q, we haveÛ = V V and let g be the composite of π : U → V , the inclusion V ∪ ∅ → V V and the first projectionÛ → U. Now Sing U consists of a type A 1 singularity lying over M 1 ∩ M 2 and four points in π −1 (Sing V ) of
(1, 1) and
(1, 1), and every M j (j = 3, 4) splits into two negative curves on U which are hence preserved by g −1 (as in Lemma 2.3 after f V is replaced by its positive power). Thus f
. As in the proof of Lemma 2.3, 
both M j (j = 2, 3) are negative curves on V . We can verify that
and 
and the five (−2)-curves form the support of two singular fibres in some P 1 -fibration). The relation 2(
In fact, π restricted over V \ Sing V , is the universal cover over it, so U is again a Gorenstein del Pezzo surface and hence the irregularity q(U) = 0. Thus 
We assert that f −1
V permutes members of the pencil
It suffices to show that g −1 permutes members of the irreducible pencil Λ U (parametrized by P 1 for q(U) = 0) which is the pullback of Λ. Now π * (M 1 + M 2 ) splits into two members
(in local equation; j = 1, 2) which are preserved by g −1 and span Λ U . We may assume that g * ξ j = ξ q j after replacing the equation by a scalar multiple. Then the g * -pullback of every member div(aξ 1 + bξ 2 ) in Λ U is equal to div(aξ By the assertion and since f * 
This is impossible because F 1 is horizontal to the half fibre M 1 of ϕ. Indeed,
2.6. Consider the last case ρ(V ) = 1. Since K 2 V = 3, we have
and the minimal resolution 2.7. Now we prove Remark 1.3. From Lemma 2.3 till now, we did not assume the hypothesis ( * ) that f V is the restriction of some f : P 3 → P 3 whose inverse stabilizes V . From now on till the end of the paper, we assume this hypothesis ( * ).
For V = V (E 6 ) or V (3A 2 ), the relation V ∼ 3H defines a triple cover
is a cubic hypersurface, where we let V (X 0 , . . . , V 3 ) be the cubic form defining V ⊂ P 3 .
Our π −1 restricts to a bijection π −1 : Sing V → Sing X. As in Example 1.5, f lifts to is a generator of Pic(X) = (Pic(P 3 )) | X, imply that the Weil divisor L 1 is not a Cartier divisor on X. Since Sing X consists of a single point P lying over {Q} = Sing V , L 1
is not Cartier at P and hence X is not factorial at P . Thus X is not Q-factorial at P because the local π 1 of P is trivial by a result of Milnor (cf. the proof of [10, Lemma
5.1])
. Hence g −1 (P ) contains no smooth point (cf. [11, Lemma 5.16] ) and must be equal to Sing X = {P }. Thus f −1 (Q) = Q because π −1 (Q) = P . 
